ABSTRACT. It is shown that if the functions F and G are defined in a neighborhood of the origin in the complex plane and are in a certain sense like zm and zn with gcd(m,n) = 1, then on sufficiently small closed disks D around 0 every continuous function on D can be uniformly approximated by polynomials in F and G.
The proof consists of appropriate generalizations of the essential steps in Minsker's proof for the case F(z) = zm, G(z) -zn. We start with a simple lemma on quotients of elements in a function algebra.
LEMMA. Let A be a function algebra on a compact Hausdorff space X, let f, g G A such that {g -0} C {/ = 0} and such that f/g, defined to be 0 at {g = 0}, is continuous on X. Suppose there is a sequence {an}n of complex numbers with lim an -0 such that for each n the function g -an is invertible in A and such that {an(g -an)~l}n is a bounded sequence in A. Then f/g G A.
PROOF. Let e > 0 and let M > 0 be an upperbound on the supremum norms of the elements of {an(g -an)~1}n.
Let hn -f ■ (g -an)_1. Then hn G A and
If \(f/g)(x)\ < e/M, then clearly \(f/g)(x) -hn{x)\ <e.On{\f/g\> e/M}, g has no zeros, so \g -an\ is bounded away from zero because liman = 0, so there is a 6 > 0 with \g(x) -an\ > 8 for all n and all x with \{f /g){x)\ > e/M. For such x \(f/g)(x)-hn(x)\<\an\-\\f/g\\/6.
Hence for n sufficiently large \\f/g -hn\\ < e. So f/g G A.
REMARK. Note that, if moreover, g belongs to a closed ideal i of A, then f/g also belongs to I since f/g is the uniform limit on X of the sequence {«•(//?)'(9-ttn)"'}n m /. COROLLARY 1. Let A be a function algebra on X, let /, g G A such that {g = 0} C {/ = 0} and such that f/g, defined to be 0 at {g = 0}, is continuous on X.
Suppose Reg > 0 on X. Then f/g G A.
PROOF. Take an = -l/n in the lemma.
Corollary 1 will be an essential ingredient in the proof of the theorem. The shortest way to finish the proof of this theorem is to use a recent result of O'Farrell and Preskenis [5] REMARK. The conditions on / and g in the theorem can be weakened. To obtain that p and q in the proof of the theorem are C1 functions it suffices that / and g are continuous functions defined in a neighborhood of 0, with /(0) = 0, g(0) = 0 and with continuous and bounded partial derivatives of first order outside the origin. EXAMPLE 2. The theorem can now also be applied to the functions F(z) = z and G{z) = z2(l + z2z~l) and we obtain that for small D [z, z2 + z2z; D] = C[D).
Observe that this problem was left open in [1] .
